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Abstract
A geometrical description of the Lagrangian dynamics in quasi-coordinates on
the tangent bundle, using the Lie algebroid framework, is given. Linear non-
holonomic systems on Lie algebroids are solved in local coordinates adapted to
the constraints, through Lagrangian multipliers and Gibbs—Appell generalized
methods.
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1. Introduction

It is well known that the use of quasi-coordinates has many applications in physics and
engineering (see e.g. [23]). As far as we know there is no systematic treatment of the concept
of quasi-coordinates from the geometric point of view. The aim of this paper is to develop
the geometric approach to such a concept in the Lie algebroid framework and to prove the
efficiency of this geometric tool for solving different problems.

The dynamics of a classical system is usually described in terms of (local) generalized
coordinates on a manifold Q, the configuration space of the system, which give rise to a
particular type of coordinates on its tangent bundle 7 Q, i.e. positions ¢’ and their velocities
v' = ¢'. However, there are some cases where it is useful to consider a different set of
coordinates on 7' Q. For example, Euler equations for the rigid body are written in terms of
the three Euler angles (0, 1,0 fp) and the three components of the angular velocity (wg, wy,, @)
instead of the velocities (6, ¥, ¢). These new kind of coordinates are called quasi-velocities.
Although the calculations in quasi-coordinates are difficult, they are often used to solve many
types of mechanical systems (see [14, 23, 29]). The geometrical use of quasi-coordinates
amounts ‘to forget’ the tangent structure of the tangent bundle and to use only the vector
bundle structure and the Lie algebra structure on the set of vector fields, that is to say, not
using the usual tangent bundle coordinates associated with a coordinate system on the base
manifold. This geometrical framework leads naturally to the use of Lie algebroids and to the
development of the Lagrangian mechanics on Lie algebroids.
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Lie algebroids provide a very general framework for Mechanics, including mechanical
systems with symmetries. Roughly speaking, a Lie algebroid is a generalization of both a Lie
algebra and a tangent bundle structure, both being the simplest examples of Lie algebroids.
Moreover, the Lie algebroid structure is well adapted to variational calculus for constrained
systems and may appear in the reduction process.

Lie algebroids were introduced by Pradines [24] as infinitesimal objects corresponding
to Lie groupoids. In the last years several authors have studied the theory of Lie algebroids
giving important contributions for the knowledge of their properties and applications. Among
others, Higgins et al [13] introduced the notion of prolongation of a Lie algebroid over a map;
Weinstein [28] was the first to study Lagrangian mechanics on Lie algebroids and Martinez
[19] developed the formalism for the Lagrangian mechanics on Lie algebroids, generalizing
the fundamental geometrical elements of Lagrangian mechanics (see also [16] and references
therein). Unfortunately, this structure of Lie algebroid is not well known for most physicists
and however it may play a very relevant role in many physical problems, for instance in BRST
formalism, Yang—Mills and topological field theory [15, 22, 27].

One of the aims of this paper is to prove the efficiency of Lie algebroid structures to
deal with systems with linear non-holonomic constraints, providing us with a generalized
version of the Lagrangian multipliers [1, 2, 25] and Gibbs—Appell [11, 17] methods. The
solutions of these systems are obtained in local coordinates adapted to the constraints. These
adapted coordinates on a Lie algebroid play the role of quasi-coordinates on a tangent bundle.
For the non-holonomic systems in a Lie algebroid we refer the first paper to the subject by
Cortés et al [6] and the papers of Mestdag et al [20, 21], Cortés et al [7] and Carifiena et al
[5].

This paper is organized in the following way. The geometric approach to solve classical
systems using quasi-coordinates is developed in section 2. A brief introduction to Lie
algebroids is given in section 3, and the geometric approach to quasi-coordinates is analysed
from the Lie algebroid structure point of view in section 4. For the self-containedness of the
paper, general changes of coordinates on a Lie algebroid are studied in section 5. In the last
section we apply the above formalism to solve systems with linear non-holonomic constraints
in Lie algebroids, using Lagrange multipliers and Gibbs—Appell methods in the Lie algebroid
framework. At this point, the advantage of using adapted coordinates is clear.

2. A geometric approach to quasi-coordinates

The use of quasi-coordinates has been shown to be very efficient in describing the motion of
some dynamical systems. For instance, the area swept by the line joining a planet with the
sun for the motion of the planet, or the components of the angular momentum for describing
the motion of a rigid body with a fixed point are quasi-coordinates. As pointed outin [11, 29],
the configuration of a dynamical system cannot be in general described by quasi-coordinates,
but it is possible to describe the displacement by using quasi-coordinates, more specifically
quasi-velocities. Next, we explain the geometric meaning of such quasi-velocities.

Let 79 : T*Q — Q denote the cotangent bundle of an n-dimensional differentiable
manifold Q. It is well known that a local 1-form y on an open set U of Q, i.e. a section for
7o over U, defines a linear function ¥ € C*°(U), where U = rél(U) fortg: TQ — Q,as
follows:

7®) = (Yro). v): veu,

for a vector v in a point of the open set U.
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The choice of alocal chart on an open set U of Q, with coordinates (g L q"),determines
a basis (3/dq", ..., 3/3dq") of the tangent space at each point of i = rél(U) and defines an
associated local coordinate system on 7' Q. The 2n coordinates are now the » basic functions
q' (or /111 a more rigourous notation g’ o 7p) and the corresponding fu/n\ctions on the fibres
v' = dgi. Note that dg' A --- A dg" # 0, and therefore the functions dg’, fori = 1,...,n,
are functionally independent. When the local expression of y in terms of local coordinates on
Uisy = yi(q) dg', then ¥ is the function 7 (v) = ¥; (1o (v))v'.

Instead of using {dg', ..., dg"} to define a chart on I, we can alternatively make use,
together with the base coordinate functions, of any other set of n 1-forms {o', ..., a"}, given
locally by

aiza;(q)dqj, Vi=1,...,n,

with the only condition of being linearly independent at each point, i.e. a' A--- A" # 0. In
this case the 2n coordinates on U/ are the n basic functions q' together with the linear functions
{al, ..., &7'}. These new coordinates on the fibres {o!, ..., &7'} are but linear combinations,
with basic functions as coefficients, of the usual velocities. Note that the 1-,f\0rms a! do not
need to be exact, but in the case of all of them being exact, the functions a’ would be the
velocities corresponding to a new coordinate system on the base manifold Q. The new fibre
coordinates w' = «f, which play the role of velocities, are called quasi-velocities, while
the coordinates (¢’, w') are called quasi-coordinates on T Q. Note that in some cases, for
instance when Q is a Lie group G, we can globally define quasi-velocities on Q while velocities
can only be defined locally.
The fact that @' A - -+ A" # 0 points out that there exist functions g (¢) such that

dg' = Bj(q)e’, Vi=1,...,n,
with det(B%) # 0. The matrix with entries 8% (¢) will be the inverse matrix of («(¢)), i.e.

Bi (@)l (q) = Su.

forall g € U. The quasi-velocities w' are associated with a basis of vector fields { X1, ..., X,}
on Q, dual to the basis of 1-forms {a', ..., a"}, ie. (&', X;) = §;. Then locally, in quasi-
coordinates,
;0
Xj=8 iag (1)

The partial derivative 3/d¢" in (1) is given, in the usual coordinates, by

9 9 9Bk 9
+ ﬁalvr

9g"  0q' | cony  Oq' T OV @

The relations among fibre coordinates are

i i i pioj

w' = ojv’, v —,ij R
consequently,

dw! av' ;

— = — =p

v/ J ow/ J
and

D g2 O g0

i Towi’ dw' L ovi
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The local expressions of the Liouville vector field A and the vertical endomorphism S
(see [8—10]) in terms of quasi-coordinates are, respectively, given by

8 8 .0
A= v = ﬂ T = w/ —_—
8 ow/’
and
0 G] 9 A
— J
S = F ® dg' = al ® dg' = 5w Qa’.
The explicit coordinate expression of a second-order differential equation (SODE) vector
field D € X(T Q) in terms of quasi-coordinates is

D= ﬂl( )wk fl( w)
«\q 8?’ 7 i)w’ '
In fact, if

) d . d
D =n'(qg. w)o— + flq. w)o .
q ow
then
Jpi 0
S(D)=a;/h'(q, w)—,
ow/’

and therefore (by the definition of a SODE vector field) S(D) = A if and only if
o h'(q, w) = w’, or equivalently, h' = ﬁjwj.

Let us consider a regular Lagrangian system characterized by a function £ € C*°(T Q)
and non-conservative force 1-form Q locally defined by Q(g, v) = Q;(g, v) dg’. The energy
of the system in the absence of non-conservative forces is given by

0L
Er=AL—-L=uw'—-L
ow'!
The Cartan 1-form 6, = dL o S is given in quasi-coordinates by
oL oL 0 ;oL ) oL .
Oy = —dq + — dw' a—®dq =a/ —dq' = —0ao,
dg* ow' ow w w

and consequently, the Cartan 2-form w, defined by w, = —df,, turns out to be
1[[aak 08X\ oz 3L 9°L 4 ,
wr== | [ - L) 22 gk S gk dg' A dg’
2| \dg/ dqg' ) dwk dqJ owk T dgiowk

2L . )
+af ——dq' A dw’,

" ow/owk
that is,
1 B,C 92L 9L 2L )
wr =73 r];z ,31 - ﬂ,ln - a" ANl ¥ ———af A dw’,
2 ow dgJowm dgiow! dwJ dwk

where the functions ym , are given by

dork da;
J _-’ _ 7
yml ,3 IBZ ( 8qj ) .

These functions are known in the literature as Hamel symbols (see [14, 23]).
Assuming that the Lagrangian L is regular, we can write the coordinate expression of the
dynamical equation i(X)w, = dE,; — Q in terms of quasi-coordinates. The dynamics will be
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given by a SODE vector field of the form X = B w™3/dq" + f™(q, w)d/dw™ (see [9]). The
left-hand side of the dynamical equation becomes

, L L P LN,
(X))o, = (Vrﬁlm +IBZJ dqi dum _ﬂmaqiawl> w"o!
9270 . L
+w" —— dw’ — f" !

dwl Juwm Jwraw

while the right-hand side is

dw’/ — 1!,

9L Y 2L
dEE_Q=<wkﬂ;W_ﬂ;8_qi>al+ iy

where Y; = ,3; Q; is the [-component in quasi-coordinates of the external force Q. Therefore,
oL . 0°L 0°L
m, k _ampi _fm

WY gt =W Pyt~ S
The dynamical equation is equivalent to £x6, = dL+ Y, where £ is the Lie derivative in the
direction of X. In traditional physics notation, the above equation is equivalent to the following
system of generalized Euler—Lagrange equations:

d /oL ;0L « 0L

—\—)=8—+w"y,,—+ 7. 3

dr <awl> Piggs ¥ g * 11 )
When the Lagrangian £ is of mechanical type (i.e. L = T — V, with T the kinetic energy and
V the potential energy), the equations of motion are

d (DTN 3T s 9T o W
—|—)=8—+w — )
dr \ ow! D ogi Vil ok !

= | aql 1.

where I[1; = /31'7 F; is the [-component in quasi-coordinates of the external force 7 = —dV +Q
(see [11,29])).

3. Lie algebroids

As was already mentioned in the introduction the tangent bundle to a manifold can be viewed
as a particular example of a more general structure, that of a Lie algebroid. This structure has
been shown to be of a great usefulness in mechanics since the pioneer paper by Weinstein [28].
In particular, Martinez showed in [19] that the Lagrangian theory can be developed directly
in the Lie algebroid formalism by using new geometric tools which generalize the vertical
endomorphism and the Liouville vector field.

As this structure is of a recent use in physics and we think that it is not well known for
most physicists, we summarize in this section the basic concepts and definitions of the theory
of Lie algebroids.

Definition 3.1. A Lie algebroid with base Q is a vector bundle t4 : A — Q, together with a
Lie algebra structure in the space of its sections given by a Lie product [-, -1, and a vector
bundle map over the identity in the base, called the anchor, p : A — T Q, inducing a map
between the corresponding spaces of sections, to be denoted by the same name and symbol,
such that

[v, owls = @[v, w]s + (P (V)P w,

for any pair (v, w) of sections for t4 and each ¢ € C*°(Q).
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As a consequence of the definition, the morphism between sections induced by p, p :
I'(A) - X(Q), is a Lie algebra homomorphism.

Let {g'li = 1,...,n} be local coordinates in a chart on an open set U C Q, and let
{eql =1, ..., s} be a basis of local sections of the bundle Uy = ‘L';l(U) — Q. Each local
section v is written as v = v%¢,. The local coordinates of a point p € Uy such that p = v(gq)
are p = (¢', v*(t4(p))). In a similar way, the corresponding dual basis {e%|a =1, ..., s} of
local sections on Uy« = n;l(U ) allows us to define local coordinates (¢', o) for the dual
bundle T4« : A* — Q.

If the local expressions for the Lie product and the anchor map are

.0
leas epla = clgey, pleq) = pf,a—q,., (5)

wherea, B,y =1,...,s,andi =1, ..., n, the functions cgﬁ € C®(U)and p!, € C*®(U) are

called structure functions of the Lie algebroid. These are not arbitrary functions, they should
satisfy the conditions for p to be a Lie algebra homomorphism, which are

j9Ps _ 0Py

Pa an B an

and those for the Leibniz condition and the Jacobi identity of the bracket [-, -]4:

= plcly, Vi=1,...,n, (6)

T A 0 Vu=1 7
Z CapChy + P ogr ) =0 nw=1...,s. @)
cycl(e,B,y)
Equations (5) and (6) are called structure equations of the Lie algebroid.

Examples of Lie algebroids are the tangent bundle of a manifold Q, with the identity as an
anchor map and the usual bracket of vector fields, or any integrable sub-bundle of it, and also
a finite-dimensional Lie algebra g, considered as a vector bundle over one point, for which the
anchor vanishes identically and the bracket is that of g. In the first case, with the usual choice of
coordinates (¢', v') on A = T Q, induced from local coordinates (¢') on the base Q, the
structure functions are cf‘j =0 and ,oj- = §;j. However, in arbitrary coordinates, the structure

functions cfj of the Lie algebroid 7y : TQ — Q do not vanish. For the case of the Lie algebra
g, the structure functions czﬁ are the structure constants of the Lie algebra and p!, = 0.

Given a Lie algebroid (A, p, [+, -]4) over Q, there exists a graded derivation d4 of degree
1 of the graded exterior algebra of forms of A, 2°(A), to be called A-forms, which is nilpotent
of order 2, i.e. di = 0. It is called the exterior differential of the Lie algebroid. In the
particular cases of the tangent bundle 7 Q and that of a Lie algebra g, d4 reduces to the de
Rham operator d on the manifold Q and the Chevalley—Eilenberg differential dy, respectively.

4. Quasi-coordinates and the tangent bundle as a Lie algebroid

The choice of quasi-coordinates (¢’, w') on the tangent bundle T Q determines a local basis
of sections for 779 : T(T Q) — T Q, i.e. a local basis of vector fields on T Q. This basis
is {X;,8/0w/|j = 1,...,n}, with X; = B/ 8/dq" being an element of the dual basis of
(@i =1,...,n};{gili =1, ..., n}is the set of local coordinates on Q.

The structure functions of the Lie algebroid 77 : T(T Q) — T Q with respect to such a
local basis are given by

0 a a
[Xr, Xil =y Xom, [X ] =0, [ , } =0,

" gwk dwi’ dwi

0 d
p(Xo) = Xon, p(—) _

ow/ ow/
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These relations give a geometric meaning to Hamel symbols introduced when dealing with
quasi-coordinates on a tangent bundle. The Hamel symbols are not arbitrary, they must satisfy
the structure equations (6) and (7).

Using the machinery of Lie algebroid theory, in particular the exterior differential, which
in this case reduces to de Rham exterior differential on 7 Q, one can recover all the expressions
obtained in a change from usual to quasi-coordinates [4]. This is the case, for instance, of
the expressions in quasi-coordinates given in section 2: if the Lagrangian is regular and
a non-conservative force Q is given, the dynamics equation i(X)w, = dE; — Q has a
unique solution X = w”X,, + f™d/0w™ that satisfies the generalized Euler—Lagrangian
equations (3).

Example 4.1. Let us consider a particle P (mass = 1) moving in a plane under the action of
a force of magnitude F'(r) on the direction of a fixed point O, where r represents the distance
between the point O and the particle P. Let 6 be the angle that the line O P makes with a fixed
direction in the plane, and A the area swept by unity of time by the line. The configuration
space of the system is Q = R? — {(0, 0)} and the usual polar coordinates on R? — {(x, 0)}
extend to the velocity phase space T Q as ¢' = r, ¢> = 6, i, §. In order to solve the equations
of motion we use the following set of quasi-velocities on 7 Q:w' = i, w?> = 2A = r?0. The
matrices o and S are as follows:

a=@)=(y ). p=)=(y V).

2

The motion of the particle P is described by the regular Lagrangian

1 1 (w?)?
L=—-w)?+-—— V),
R )
where F; = —dV /dr = F(r) and F, = 0. The equations of motion (4) are equivalent to
. 5 . (w2)2
I (r, 0, w!, w?) = w! — 3
,
2
Mao(r, 6, w', w?) = .
,

Since Iy = B} Fi + BiF, = Fy and 1, = By F; + B3 F> = 0, the dynamics is given by the
integral curves of the vector field X = w™X,, + f'9/dw' satisfying
(w?)?

= f!

w! = F(r) + ~—
p

w? =0=f2,
where 7 = w' and & = w?/r?. As we can easily see, the quasi-velocity w? is a constant of
motion, i.e. the area swept A is a constant of motion.

The usual coordinates on 7' Q are q1 =, q2 = 0,v' =7 and v? = 6. If we need to
determine the geometrical solution of the dynamics in the usual set of coordinates on 7 Q, we
must pay attention to the fact that the term with 3/3¢’ in the solution X in quasi-coordinates
is given by (2). We have

2N\2
X:w’”Xm+<F(q1)+(w) ) 9 '

m ot (w2)2 a
— =w"p, — —.
(ql)3 awl aql (ql)3 awl
So, applying (2), the solution of the dynamics in the usual coordinates (¢, g%, v', v?>) on T Q
is

+(F(q1)+

g 3 22\ )
+v’ﬁafur++ F(ql)+ﬂ Bl — .
dv/ oV’

.0
X = Ul+ 3
dq' (")

a0q!

v const



10038 J F Carifiena et al
or equivalently,
; 0
X=v—

0 -2 w??\ 9
. (=) 22+ F@gH + —
aq! v ov? <r3 )r v ( @) (ghH3? ) av!

Then, in the coordinates (r, 6, i, ) we have

v const

o 0 L0 260 9
X =i O+ (F(r) +rd)— — = .
or 90 or  r 98

Example 4.2. Let G be a Lie group and denote the neutral element of the group by e. We can
identify the tangent bundle TG with G x T,G, using themap T L1 : TG — G x T,G given
by

TLg(g.8) =(8.8),

where L, : G — G is the left-translation defined by L,h = gh, forall h € G. If
(&, 1 =1,...,dimG, is the set of coordinates of £ € T,G with respect to a basis {e;}
of T,G, then we can define a set of quasi-velocities (§7) on TG by

gle; =& = T,Lo1().

If g is a point in G with local coordinates (g), then (g/, £7) defines a set of quasi-coordinates
in TG. Note that the map « = TyLy-1 : T,G — T,G is an invertible linear transformation
whose inverse transformation is given by 8 = T,L, : T.G — T,G. Thus, &/ = ag’
and g’ = &7, where & = (o)) and B = (B!) are the coordinate transformation matrices
between the usual coordinates (g, ¢’) on TG and the quasi-coordinates (g, &7).

A (regular) G-invariant Lagrangian £ € C*(T'G) is given in quasi-coordinates by a
function /in 7,G as follows: £(g, &) = [(£). Asthe Lagrangian £ on the Lie algebroid 7 G is
G-invariant, it is then possible to obtain the Euler—Lagrange equations of the gauge algebroid
TG/G = g from the equations (3) in T G:

d [/ al ; x Ol

(=) = — 8

ar (85') 5 Il ex ®
where cf, are the structure constants of the Lie algebra g of the Lie group G with respect to
the basis {e;} of g = T,G. In fact, let X“(g) = T,L ¢(X) be the left-invariant vector field in
G associated with an element X in the Lie algebra g of G. Thus, the set {elL} represents a local

basis of sections of TG associated with the set of local coordinates (g/, /) on TG = G x g,
because

;0
I,L ol
e; = —.
ey =3 dg
The structure functions of the Lie algebroid TG are given by
[elLveﬂTG :cheILo pTG(eg) =e§.

Using the structure functions of the Lie algebroid 7G and the Euler-Lagrangian
equations (3), in the absence of non-conservative forces, we obtain (8). Then, the geometric
solution of the dynamics is a SODE vector field on TG given by X, = éMel + fM9/96M,
with
MMl g 0l
fr=w & JI aE_K s

where W' is the inverse matrix of (9% /3&!9g™M).
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5. Changes of local coordinates on a Lie algebroid with fixed base coordinates

As in the geometric approach to Lagrangian formulation of classical mechanics, it is possible
to write the dynamics on a Lie algebroid using different sets of coordinates [16, 19], as happens
with the quasi-coordinates formalism on a tangent bundle [11, 14]. But in an arbitrary Lie
algebroid we do not have a canonical basis of sections. Therefore, there is no natural set of
coordinates for a Lie algebroid. Sometimes, however, it is worthwhile writing the equations
of motion in a given set instead of another initially given, as we shall see in the following
section.

Recall that the prolongation of the Lie algebroid p : A — Q (see [13, 16, 19]) is a
vector bundle 7 A over A, where 7 A is the total space of the pullback of the vector bundle
Tp:TA — TQ by theanchormap p : A — T Q. The projection py4 : TA — A is defined
by pra(b,v) = pra(v) = a € A, with py4 : TA — A being the canonical projection
of the tangent bundle T A over the base A. An element (b, v) of 7 A will be denoted by
(a, b, v), where v € T,A. With this notation, 7TA = {(a,b,v) € A x A x TA|p(a) =
pb), p(b) = T,p(v), withv € T,A}. The vector bundle py4 : TA — A can be endowed
with a Lie algebroid structure, where the anchor is the map pr4 : 7TA — TA, given by
prala, b, v) = v, and the Lie bracket on the space of sections is defined by setting [16, 19]:

Vi, Valza(a) = (a, [01, 02]a(p(a@)), [X1, X2](a)),

for all @ € A and all projectable sections Vi, V, € I'(T A), i.e. sections of the formV;(a) =
(a,o0;(p(a)), X;(a)), where 0; € I'(A) and X; € X(A) are such that Tp o X; = p(0;) o p,
with i = 1,2. If A is the tangent bundle to a manifold O, A = T Q, endowed with its usual
Lie algebroid structure, the prolongation of the Lie algebroid A is the tangent bundle 7'(7 Q)
to T Q endowed with its usual structure of Lie algebroid over 7 Q [19].

Let us consider on the Lie algebroid A a new set of local coordinates {(¢', w¥)|i =

l,...,n,a =1,...,s} (see section 3) associated with a basis of sections { fyl = 1, ..., s}
of A, that satisfies

W= 0y(q. V) = Pop(g)V, V= U (q, W) = Wus (@)W, ©)
forallaw =1, ..., s, where 5; and \I’J\a are linear functions on A associated with the A-1-forms

®, and W,, respectively, such that WogPg, = 8. Associated with the new coordinates on
the Lie algebroid A, we consider on the prolongation of A the following basis of local sections:

! / 8
X'o(a) = (a, fu(p(a)), Xq(a)), Vila) = <a, 0, W ) , (10)
where X, = \-I-fﬁapfga/aqi, forall @ = 1,...,r. Thus, the structure functions of the Lie
algebroid 7 A are given by
[X'o, X'glra = Vg XL, [X'o.V'gl7a =0, Ve, Vilra =0,
! / a
p1a(X'0) = Xa, praVa) = 7—,
oW

where [ fo, fgla = yofﬂfé.

Let £ € C*°(A) be the Lagrangian of a dynamical system on the Lie algebroid A, subject
to the action of a non-conservative force Q. If the Lagrangian is regular, the dynamics has a
unique solution X = a*X’, + b*V', that satisfies the system (see [4])

a® =w*

g AL AL
=W [W‘Viﬁawe—wfxc (W + Xp(L)+ g |,
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where Waﬂ represent the entries of the inverse matrix of (825/ awP BW“) and Tg = Vo0,
is the B-component of the non-conservative force Q = Q, X%, in the new coordinates. The
solution of the dynamics is a SODE section of 7 A because S(X) = A, and the dynamical
equation is equivalent to

£/0’TA (X)e[: = dTA‘C + Qa

where £,,, (X) := 1(X) odra +drs 0 i(X). The generalized Euler-Lagrange equations in the
new coordinates are given by

d /oL ;0L oL
— = Wgupp— + W ﬂ—"‘Taa 11

dr <8w0‘) Palpygi TV Veafwh an
where ¢’ = w* Wy, ,0/"3. The above equations are the Lagrange equations given by Weinstein

[28] in the new set of coordinates (¢', w) that corresponds to the local basis { fy|a = 1, ..., s}
of sections of A.

Example 5.1. Let P(M, G) be a principal bundle and (¢', g/, ¢', &) be a set of quasi-
coordinates on T P, where (g°) are local coordinates on M, (¢', ¢') are the usual local
coordinates on the tangent bundle 7M and (g', &) is a set of quasi-coordinates on 7 G,
as given in example 4.2.

Let £ € C*(T P) be a regular G-invariant Lagrangian. It is given in terms of quasi-
coordinates by L,.(q, &, ¢, &) = L(q, 8.4, &) =1(q, ¢, &), and we can write the equations of
motion on the gauge algebroid 7 P/ G from equations (11), in the absence of non-conservative
forces, as follows (see [14]):

d (Y _ o 0 d (o1 ol .
ar \ogl ) =5 Viigex a \ogi ) = agi

where y X, = X, are the structure constants of the Lie algebra g of the Lie group G, with respect
to a basis {e;} of g = T,G. Indeed, let [T : TP — T P/G be the canonical projection over
the principal bundle 7 : P — M = P/G. The gauge algebroid structure (orp/c, [, -1rp/G)
is given by (see for example [3]):

(1) pre/6(X) =T 0 prp(X).
Q) [X,Y]rp;g =Tl o[X, Y]rp,

for all X,Y € I'(T P), II-related with /)?, Y I'(T P/ G), respectively. Let us consider a
connection on the principal bundle 7 : P — M and denote by A the associated connection
1-form; in local coordinates, A(3/dg"|,) = Al(q)e;. Let {e;, e} be a basis of local sections
of TP/G, obtained from the IT-projection of the basis {(3/dg')", e} of local sections of
T P, where (3/9¢")" = 3/3q" — Alek denotes the horizontal lift to P of the vector field 3/9q’
on M and e’ is the left-invariant vector field on G corresponding to the element e; of the basis
of g. In these local coordinates, the gauge algebroid structure is given by

lei,ejlrp/c = _CgeK lei, erlrp 6 = cf A ek, ler, eslrpi6 = c}ex,
prp/cle) = aiqi’ prescles) =0,

where C{f are the coefficients of the curvature form of the chosen principal connection.
The local basis of sections { 3/0q", elL} of TP is the one associated with the set of local
coordinates (¢', g’, ¢', &') initially given. The IT-projections, IT 0 9/dq' = f; o m and
[l o el = f; om, define a local basis of sections {f;, f1} of T P/G associated with the local
coordinates (¢, ¢',&’) on TP/G. Note that f; = e; + Ale; and f; = e;. According to
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the definition of the gauge algebroid structure, we have [ f;, fjlrp/c = L fi, filrp/c = 0 and
Lf1, frlrp/c = chfK. So, using the reduced Lagrangian [ € C*°(T P/G), we obtain the
equations of motion (12) from the generalized Euler—Lagrange equations (11). The reduced
dynamics X; = a®X,, + b*V), satisfies the following system

a* =w*

w e[ g O 9 ol
v = [k e 4 s i |

where w' = ¢/, w! = &7, W are the entries of the inverse matrix of (3%L/awPaw®) and
{X, V. } is the basis of local sections of 7 (T P/G) defined in (10).

6. Lagrangian systems with non-holonomic linear constraints

In this section we will study systems with linear non-holonomic constraints on a Lie algebroid
A, i.e. constraints which are linear in the local coordinates v* on A associated with a local
basis of sections {e,} of A, by choosing local coordinates that are adapted to the constraints.

Consider a system with k linear non-holonomic constraints on a Lie algebroid
(A, p, [, -]1a) over O,

Ga(q, V) = Du(q, V) = Pup(q)V?,

givenbyasub-bundlet : B — Q of A, where ®, denotes an A-1-form and @ is the associated
linear function. The submanifold B is defined by the set {¢, = Ola = 1, ..., k} and is called
the constrained manifold. Suppose that the A-1-forms ®, are such that &; A --- A Oy £ 0.
Then, the functions ¢, are functionally independent.

Let 7 B be the vector bundle over B, whose total space

TB ={(b,c,v) € Bx BxTB|t(b) =1(c),0(c) = Tt(v) withv € T, B}

is given by the pullback of the vectorbundle 7t : TB — T Q bythemapp = pot: B - T Q,
where ¢ : B — A is the canonical inclusion. The projection prp : 7B — B of 7 B onto B, is
given by prp(b, c,v) = b. Suppose that L € C*(A) is a regular Lagrangian describing the
non-holonomic system under the action of a non-conservative force Q. Alike the formalism
of linear non-holonomic systems in a tangent bundle, the equations of motion of the non-
holonomic system in A can be written according to d’ Alembert—Chetaev principle [18, 26], in
the global form

{(i(xm —draEp+ Q)| € T(BY)
X|s € D(TB),

where B = (®,la = 1,...,k) is the annihilator of B and E?) = (p3Pula = 1,...,k)
can be viewed as a vector bundle over B, where p, : 7TA — A is the projection defined
by p2(a,b,v) = b, for all (a,b,v) € TA. Note that for each ¢ € Q, Bg is the set
generated by the elements ®,(q) satisfying (®,(g), v) = 0, for each element v € B, and
a=1,...,k. Moreover, dim(7*B)" = k, (T*B)° is generated by the 1-forms dr4¢, and
S*((T*B)%) = BO.

13)

6.1. Lagrange multipliers method in a Lie algebroid framework

The non-holonomic system previously given can be studied using the method of Lagrangian
multipliers (see [2] for the classical case). The dynamics equation of the system is given by

i(X)wg =draEr — Q— Aap; Pa, (14)
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where the Lagrange multipliers 1, € C*(A) are determined by the tangency condition
£,,,(X)p, =0,foralla =1, ..., k. Recall that p, : TA — A is defined by p>(a, b,v) =b
and the semi-basic sections p; @, = P.p x? are the reaction forces of the Lie algebroid A (see
[5]). The solution of equation (14) is a section of the form

X = X8 +hiZa,

where X KQ is the solution of the free dynamics (without constraints) and Z, is the vertical
section of 7 A such that

(Zo)wp = —p3Pa.

Note, once again, that X is a SODE section of 7 A, since S(X) = S(Xﬂg) = A.

It is important to observe that for computing the Lagrangian multipliers A,, we must
suppose the following compatibility condition [7]: the matrix of entries Cup, = p74(Z2)0s
is regular in each point of B, where B = {w* = Ol = s —k + 1, ..., s} is the constrained
manifold. In this case, we say that the non-holonomic system (£, B) on the Lie algebroid A
is regular, what is assumed hereafter. We can also assume without losing generality that the
last k columns of the matrix (®,g) are independent.

Under the above assumptions, consider a set of coordinates (q', o qt, wh..ow)
adapted to the constraints on the bundle A:
wY = v, Va=1,...,(s —k),
wk =g, Ya=1,..., k.

The transformation matrices are
~ ) O(Sk)xk) ~ (Isk 0(sk)><k>
o = and v = ,
<C21 Cx Dy, Dy
where C = (C,Cy) is given by Cy, = Dyp, foralla = 1,...,kand b = 1,...,5,Cnp
is invertible by hypothesis and the rEatrix D = (~D~21 Dyy) is given by Dy = —C;zl C,y and

Dy, = Cz_zl. These matrices satisfy dW = I, = W,
The geometrical dynamics solution is given in the new coordinates by

X|p = WrX, + f*(q, W)V,

where « = 1, ..., s — k. The functions f< are determined by
[(g, W) = g5(q, W) + kW Dy,

withg=1,...,sanda =1, ..., k, where
X%:wﬂXé+gﬂ(q,w)V/;, Za =W"‘ﬂCI>a,3V{;,

and the function A, is given by
draw" (X Q) + Aodraw" ™ (Z,) = 0, Vb=1,..., k.

Therefore, the dynamics is given by the integral curves of the following vector field in B:

a
pra(X|p) = WiXq + fS—,
ow

and satisfies
£PTA (X)QE = dTAE + Q + )»ap;q)a

because X is a SODE section of 7 A. In the new coordinates, the previous equation is given by

S 7 i8£+fﬁ8£+T+A\Tf¢
~\>s 5] = aPp 7 +W- =z o a aPaBs
dr \ owe Palpygi T Veawh paTap
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where ¢’ = Wﬁ\’flﬁgpg and Y, = \Tlﬂa Qp is the a-component of the non-conservative force

Q on the new coordinates, with o, e = 1,...,s —k; o, 8 = 1,...,5;a = 1,...,k and
i =1,...,n. Thus, we have

qizwg\zlﬂgp/is

d /oL & i8£+6ﬂ8£+T

— | =— | = Ypappg— + WY, — ”

dar \gwe Palpygi TV Veagws T e

d (0L _g L g 0L
—\ == ) =YaPp -t W Va7 o+ Aa—s+ks
dr \ awe Palpyqi T Vea s +

witha = s —k+1,...,s. In this system, after the elimination of the Lagrange multipliers
we obtain, in the new coordinates, the generalized Lagrange—d’Alembert equation

d /oL _3 i8£+ 5ﬂ8£+T
dr \owe ) = PP TV Veuup T e
where ¢’ = w20, -
When selecting a different set of coordinates adapted to the constraints, similar results
would be obtained: w! = CB;,gVﬂ and w' ¥+ = b. = @aﬁvﬂ, forall/ =1,...,s —k and
a =1, ..., k. The only condition that has to be assumed is the invertibility of the matrix

5= ()

whereCllg:?IS[,gandDuﬁ:<1>,l,3,forI:1,...,s—k;a:1,...,kand,8:1,...,s.

Example 6.1. Consider the motion of a free particle of unity mass in the configuration space
M = R?, with a linear constraint

¢ =z — yx.

In order to determine the solution of this problem, we consider the set of local coordinates
(x,y,z, w', w2, w), on the Lie algebroid A = TRR? given by

1 . 2 . 3
W =V, =1, W =uv, =7y, W =¢ =v; — yu,,

whose coordinates transformation matrices ® and ¥ are

1 0 0 1 0 0
d=10 1 o], v=[0 1 0
-y 0 1 y 0 1

The motion of the free particle is characterized by the regular Lagrangian
L£=LwWH+ W)+ W +ywh?).
Let B be the constraint manifold. When solving the problem through the method of Lagrangian

multipliers, we obtain the solution

w!w?

—wl Y w2y
X|B—WX1+WX2—y2+1

Wi,
where
X, =wa +wa, +W3X3/ — wlwzvg,
Z = —yV +(y* + DV,
w!w?

y2+1°
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In this particular case, we can identify 7A = 7 (TR?) with T(TR?) = T A. In a similar way,
we can identify the solution X|g with a vector field on B,

and the dynamics is then given by the integral curves of this vector field.

6.2. Gibbs—Appell’s method in a Lie algebroid framework

In the Lie algebroid formalism, the aim of Gibbs—Appell’s method is to determine the equations
of motion of a system with constraints [11, 12]. This method consists, in a first step, on
determining Gibbs—Appell’s function associated with the Lagrangian of the system without
constraints, and then to express this function in terms of a set of coordinates adapted to the
constraints. In a final step, we need to determine the equations of motion given by Gibbs—
Appell’s method in the new coordinates.

Next we will determine Gibbs—Appell’s function associated with a Lagrangian £ €
C*(A), defined on a Lie algebroid (A, p, [+, -]a) over Q. We will show that this function is
defined on a subset A® of T A, given by the set of equivalent classes of admissible curves
in the bundle p : A — Q, ie.curvesin A,c’ : I — A, such that 6 () = p(c'(¢)), where
o :1 — Qisacurve in Q given by 0 = p oo’. Two curves in A,04 = (0,0’) and
ya = (y, y') are said to be equivalent if

o(0) =y(0)
a'(0) = y'(0)
¢'(0) = y'(0).

Equivalently, A® can be defined as A® = Ua cA Agz), with
AP = {v € T,A|T,p(v) = p(a)}.

The set A® is an affine sub-bundle of pr4 : TA — A, modelled over the fibre bundle
Ker(T p), whose projection on A is given by

pa1:(g,v,a) € AP = (q,v) € A.
Moreover, the inclusion of A® in T A is defined by
i (qi’voz’ a%) e A(2) N (qi’va,vap;’aa) cTA.

So, given an element v € A? of the form v = (¢', v*, a%), we have i(v) = v*p.3/dq" +
a*d/ave.

Let £ € C*(A) be a regular Lagrangian of a system without constraints and Q a non-
conservative force. To define Gibbs—Appell’s function associated with the Lagrangian £, we
need to consider the section I'; of 7 A along the map p,; : A® — A,

Tp=Xcopy —TV,

where X/ is the solution of the equation i(Xz)w, = draE., given in local coordinates by
Xr(q,v) = V¥ X, + F*(q,v)V,, and TV is a section of 7 A along the map p,; : A® — A
defined by vV = p7r4 o TV, where v is a vector field on A along the map p, | : A® — A
given by

v oo? =Tol(d/dr),
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for all admissible curves o' = (0,0’): I — A, where ol .= (0,0, a") ] — A,

TA 274

(1
T(I)T "‘/ lpm

A(Q) P21 A

In local coordinates, the curve o! is given by (o, v*) and, since it is admissible, we have
o' =v*pl. Thus,

v (g, v, ) = v“p(i(q)aqi +v¢ Pt

The section TV of 7 A along the map py; : A®) — A is given, in local coordinates, by

TW (', v, ¥) = v Xu(g', v) +V*Valg', v).
Therefore, the section I'; takes values in the vertical sub-bundle of 7 A, i.e. p,oI'y = sgop2.1,
where s is the null section of A; in local coordinates,

To(g', v¥. ¥) = (F*(q', v*) — ¥V )V,.
Consider a symmetric tensor G4 : 7A x4 7A — Ron A, given in local coordinates by

Ga(q. V) = Gap(q. VIV @ VP +Gou(q. vIV* @ XF +G4(q. v)X* ®@ AP,
such that $*G4 = p;G, where G is the fundamental tensor associated with the Lagrangian
function £ € C*°(A). G is given, in local coordinates, by G(q, V) = Gup(g)e* ® e?, with
Gup = 0°L£/0v*dvP. Note that the fundamental tensor G : A — S>A* associated with the
Lagrangian £ is a bundle map over Q, from the Lie algebroid p : A — Q to the bundle
psiar: STA* =, o S7A* — O, where

S;A* ={G, : A; x A; — R|G,is bilinear and symmetric}.
Consequently, g;ﬁ (@) = Gup(p(a)), for all a € A. Gibbs—Appell’s function associated with
the Lagrangian £ is a function on A® [17], defined by

G =3G(T; Ty,
where 5: Gaopai-

Consider a dynamical system on the Lie algebroid A with &k linear non-holonomic

constraints @,(q,v) = ®,(q,v) = P.(q)vP, and let (¢!, ..., q", w', ..., w*) be a set
of coordinates on A adapted to the constraints

W = BvP,

where the last k& coordinates coincide with the constraints ¢,, i.e.
w = ®vF, VIi=1,...,(s —k),
w R =g, Ya=1,...,k.

The transformation matrix @ is invertible, so v¢¥ = \iaﬁwﬁ , Where 5},0[‘3&5 = 8,5. The
Gibbs—Appell function G, defined on a curve (¢g', v*, v*) in A®, is given by

Gr(q, v, V) = 1Gup @V — Gop(V FP(q. V) + 3Gas (@) F¥(q,. VI FF (g, V).

In the case where both the constraints W% = ¢, and their time derivatives
are equal to zero, the function G, is easily written in the new coordinates
@', ....q"w', ..., wF w!' ..., w5). Note that the time derivative of a function

f € C®(A) is a function in C*(A®), given by
dyo [ =i(TD)drsf = vV f,
where T! is the section of 7 A over the map p, | : A®) — A defined above.
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In order to determine the equations of motion of the non-holonomic system depending on
a non-conservative force Q, we need to solve the system given by the Gibbs—Appell (s — k)
equations

0Gr(qg, W, w
9Gea wW) _ vy, (15)
ow!
where Y; = \Tlﬁ 1 Qp is the I-component of the non-conservative force, in the new coordinates,
with I = 1,...,s — k. If B is the constrained manifold, the solution of the non-holonomic

system is the following section of 7 B:
X =wax +w'vy,

where {X, V. } is given by (10), that is,

X(a) = <a,w’f,(q),w’x,(a) +wl i,
ow

)

foralla € A,, where X; = \Tlﬂ I pl’;, % Therefore, the dynamics is given by the integral curves
of the vector field on B,

.0
pra(X) =w'X; +wl—.
ow

Example 6.2. Let A = TR?> x R® — R? be a vector bundle, with local coordinates
(x,y,%, 9, 0r, 0y, w;) and {e; = (9x,0),e2 = (9y,0),e3 = (0, X3),e4 = (0, X4), 65 =
(0, X5)} the associated local basis of sections of A. The vector bundle A can be endowed with
a Lie algebroid structure (p, [+, -]4), locally given by

[e3, e4]a = —es, [es3, e5]a = ey, [es4, es]a = —e3,

(e1) ! (e2) !
ey)) = —, e) = —
ple; I plez dy

and with the remaining structure functions being zero. Let us suppose that a non-holonomic
system on the Lie algebroid A is characterized by the regular Lagrangian

L= %()'c2 +37) + k—;(aﬁ + ) +?),
and the constraints given by
$1 =% —roy, $2 =y +rwy,
where k, r are constants (see [7]). The solution of the system without constraints is a section
of 7T A that is written in local coordinates as
X=X +y0+ 0,5+ w0,X + w0, A,
where X (a) = (a,el(q) 0

saxl) (@) = (a, ex(q), 55,) and Xi(@) = (a, ei(g), 0), for all
a € Ay and i = 3,4, 5. Thus, Gibbs—Appell’s function associated with £ is given by

2
G = %[(vi)z + (P)+ %[(W + (V2 + ()7,

Let us consider the following coordinates:

W1=V1=X, 2 2 . 3 5

wh=¢; = v —rv*,
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Taking both the constraints and their time derivatives equal to zero, we obtain
1 k2 _W2 2 1N 2
Gr=[W)Y2+ W)+ — | (2} + (X)) + w32,
2 2 r B

and solving the Gibbs—Appell equations, we arrive to

wi=w =w =0,
i.e. the solution of this system with non-holonomic constraints is given by
X =wx + w2+ w A,
a)

that is,

0 0
X(a) = <a,)'Cf1(q)+yfz(61)+wzf3(q),fc—8 ‘ tyo-
x|, ~dy

foralla € A,.

7. Conclusions

Throughout this paper we put in evidence the importance of the Lie algebroid formalism as a
geometrical tool to deal with some problems in classical mechanics, mainly when we use quasi-
coordinates instead of the usual coordinates. In fact, Lie algebroid theory provides a suitable
geometric framework for dealing with quasi-coordinates. The meaning of Hamel symbols,
for example, becomes clear from this new perspective. We believe that the geometrical
description we have presented here, simplifies the computation of the equations and the
solution of different problems using quasi-coordinates on a tangent bundle, particularly in the
presence of non-holonomic constraints.

It has also been shown that the Lie algebroid formalism can be used to study systems
with linear non-holonomic constraints as in the case of systems in classical mechanics on
a tangent bundle. Again, the role of ‘quasi-coordinates’ is essential to solve these systems.
The Gibbs—Appell generalized method is a useful tool to determine the equations of motion
of a system with constraints. In most cases, this method is more efficient to solve systems
with linear non-holonomic constraints than the Lagrange multipliers (generalized) method or
even the computation of the generalized Euler—Lagrange equations, as was shown in several
examples developed along the paper.
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